Quantitative studies of material properties and interfaces using the Atomic Force Microscope (AFM) have important applications in engineering, biotechnology and chemistry. Contrary to what the name suggests, the AFM actually measures the displacement of a micro-scale probe, so one must determine the stiffness of the probe to find the force exerted on a sample. Numerous methods have been proposed for determining the spring constant of AFM cantilever probes, yet most neglect the mass of the probe tip. This work explores the effect of the tip mass on AFM calibration using the method of Sader and extends that method to account for a massive, rigid tip. One can use this modified method to estimate the spring constant of a cantilever from the measured natural frequency and Q-factor for any mode of the probe. This may be helpful when the fundamental mode is difficult to measure or to check for inaccuracies in the calibration obtained with the fundamental mode. The error analysis presented here shows that if the tip is not considered, then the error in the static stiffness is of roughly of the same order as the ratio of the tip's mass to the cantilever beam's. The area density of the AFM probe is also 1 Sandia is a multiprogram laboratory operated by Sandia Corporation, a Lockheed Martin Company, for the United States Department of Energy's National Nuclear Security Administration under Contract DE-AC04-94AL85000.
Introduction
The Atomic Force Microscope (AFM) has long since proven its utility for imaging at very small scales [1] .
In recent years, there has been considerable effort to obtain quantitative information regarding material properties, friction and wear at the nanoscale using the AFM. To make quantitative measurements, one must determine the spring constant of the cantilever to compute the force that the probe exerts on a sample for a measured deflection. This allows one to determine the force exerted on a sample during contact mode imaging, which is needed, for example, when studying the friction and wear properties of surfaces [2] . The force is also of interest when studying the strengths of bonds and the associated interaction forces [3] [4] [5] , and recent works have shown that AFM measurements of cell stiffness can be used to discern cancer cells from healthy cells in some situations where traditional tests may fail [6, 7] .
A number of procedures have been proposed to find the stiffness of AFM cantilevers [8] [9] [10] [11] [12] [13] . Static methods have been developed, such as the method by Tortonese and Kirk which computes the stiffness of a cantilever by deflecting a reference lever of known stiffness [12] , yet there are a number of limitations such as uncertainty due to friction and alignment [14] , the potential for damaging or contaminating the tip during calibration and the need to calibrate the reference cantilever as well. This work focuses on the Sader calibration method [9] , which uses an analytical model for the interaction of the cantilever with the surrounding fluid to solve for the unknown density per unit area and stiffness of the cantilever from measurements of its resonance frequency and Q-factor in the fluid. Two other common methods are the thermal method of Hutter & Bechhoefer [10] (also see [15] [16] [17] [18] and their references for important corrections), and the Cleveland method [11, 13] . The thermal method utilizes the equipartition theorem to find the cantilever's spring constant from the magnitude of its mean-square Draft Manuscript for DMCMN thermal vibration in air or in vacuum. The Cleveland method involves attaching nanoscale beads with known mass to the cantilever and uses the shift in the resonance frequencies to determine the spring constant. The thermal and Sader methods have recently been combined [19] to allow one to calibrate the stiffness and deflection sensitivity of AFM probes without bringing the probe in contact with a surface, which may damage delicate tips. Some of these dynamic methods have been compared in a few works [17, [20] [21] [22] , generally showing good agreement so long as certain factors are correctly accounted for, such as the laser spot size in the thermal method [18] . Many of these methods have also been extended to calibrate the torsional stiffness of cantilevers [23] , although this subject will not be treated here.
The dynamic calibration methods cited above rely on an analytical model for the probe, typically an EulerBernoulli beam model, and they do not explicitly consider the probe tip. One exception is the Cleveland method [13] , which could be readily extended to treat a cantilever with a tip of known mass, although most available methods for estimating the mass of the probe tip, such as SEM imaging, are cumbersome. The authors are not aware of a work that has quantified the error that would be incurred in the Sader method due to the neglected tip.
There is reason for concern because the tip is almost as massive as the cantilever for a number of commercially available probes, especially the thin, flexible cantilevers that are used for some of the most sensitive force measurements and the very small cantilevers that are used to acquire tapping-mode images at very high speeds [24] . For example, Figure 1 shows a Scanning Electron Microscope (SEM) image of one of the probes studied here, which shows that the tip volume is clearly significant relative to that of the beam. One should also recall that mass added to the tip of a cantilever can have a much larger dynamic effect than if the same mass were distributed along the length of the cantilever [25] . This work quantifies the effect of the tip mass on the Sader calibration method, using an Euler-Bernoulli beam with a rigid tip to model the AFM probe. The error in the spring constant estimated by the conventional
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Sader method is shown to be on the order of the ratio between the tip mass and the beam's mass. The analysis also reveals a procedure by which one can estimate the mass of the tip from the first few natural frequencies of the probe, allowing one to check whether the calibration might be in error due to the neglected tip and to correct those errors. This procedure is applied to six AFM cantilevers from various manufacturers and the results suggest the tip mass can be reliably estimated for some of the probes. For others the procedure does not seem to be successful. One of those probes is examined in detail and found to taper considerably from root to tip. The mode shapes of the probe in question are measured experimentally and compared with the analytical mode shapes for a uniform beam with a tip mass, suggesting that the taper of this particular probe has a significant effect on its dynamics.
This work focuses on calibration for static rather than dynamic AFM, but these results have important implications for some dynamic imaging methods such as ultrasonic AFM [26] , higher harmonic imaging [27] (also see [28, 29] ), and multi-frequency imaging [30, 31] ; those methods all involve the higher modes of the probe, which are found here to be quite sensitive to the presence of the tip.
Effect of Tip Mass on Calibration Method of Sader
The method of Sader will be extended here to include the mass effect of the probe tip using the Ritz method [25] . The calibration method derived here reduces to Sader's method when the tip mass and inertia are zero. The method of Sader is derived by solving a coupled fluid-structure interaction problem to predict the natural frequency and Q-factor of a cantilever in a viscous fluid. The model is then inverted to solve for the beam's static stiffness k s and area density ρ c h from the experimentally measured natural frequency and Q-factor.
Sader modeled the forces that a viscous fluid exerts on a vibrating cantilever beam in [32] , solving the equation of motion for the fluid surrounding a beam and transformed it into the frequency domain, yielding the force, F hydro (x,ω), that the fluid applies to a differential cross section of the cantilever beam as a function of the
The force that the fluid exerts on the beam depends on the fluid density ρ f , the frequency of vibration ω, the beam's width b, and the hydrodynamic function Γ(ω). The hydrodynamic function is a complex function of
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frequency whose solution, given in [9, 32] 2 , was used in all of the following. The imaginary part of the hydrodynamic force, due to the imaginary part of Γ(ω), acts as a dissipative term, and is responsible for vibration damping. The real part acts as a mass term. The solution of the fluid equations assumes a long cantilever beam with rectangular cross section, whose width greatly exceeds its thickness.
We shall employ the Ritz method to account for the probe tip by representing the out of plane motion of the cantilever, w(x,t), as a sum of spatial shape functions multiplied by time varying amplitude functions. The displacement then becomes the following in the time and frequency domains respectively.
These expressions are inserted into the kinetic energy, potential energy, power dissipation and power input relationships for the beam, which are given in [25] , to find the mass and stiffness matrices governing the amplitudes y n (t) of the basis functions ψ n (x) of the Ritz series. As Sader did, we shall limit the description to a single term series N=1 and employ a mode function for a cantilever beam as the basis function. This gives a precise single degree-of-freedom description of the motion of the beam due to that mode.
After including the hydrodynamic force and the mass and inertia of the tip, the frequency domain equation 
where ρ c is the mass density of the cantilever, h and L are the height and length of the cantilever respectively, m tip is the mass of the tip, I tip its mass moment of inertia, and ()′ denotes differentiation with respect to x. The effective mass of the fluid is only important if the fluid density times the width of the cantilever is not small relative to the cantilever density times its thickness. In air m fr is generally quite small but in water it is important.
Also note that material damping has not been included, so this model is only appropriate if Q is large so that the contribution of material damping can be neglected.
This Ritz model gives an accurate description of the single-mode behavior of the cantilever if the basis function used to construct it is a mode function for the system. The effect of the tip has been included in eqs. (3) and (4), so a mode function for a cantilever with a tip, ψ n (x) tip , should be used in eqs. (4) to find the values of m nn and k nn and to compute the two terms in eq. (5) that account for the tip's mass and inertia. One possible model for ψ n (x) tip is given in Section 2.1 and is applied to calibrate some commercial probes in Section 3. With m nn and k nn known, one can divide eq. (5) through by the mass factor and then the terms multiplying iωY and Y are ω n /Q and ω n 2 respectively. This gives two equations for the Q-factor and natural frequency for the system.
Sader noted that if the Q-factor and natural frequency are measured experimentally, then one can invert the procedure to solve for the area density ρ c h and the cantilever stiffness k s . Doing so, we obtain the following.
( )
Equations (8) and (9) reduce exactly to the expressions given by Sader et al. [9] if m r = 0 and r g = 0 (e.g. if the tip's mass is negligible) and when the first eigenfunction for a cantilever without a tip is used so that ψ n (x) = ψ 1 (x) free in (4), (8) and (9).
Using the conventional method of Sader, one typically measures the Q-factor experimentally and assumes values for the other parameters in the first term on the right in eq. (8) and uses that equation with m r = r g = 0 to find ρ c h. Equation (8) reveals that such an approach will overestimate the true area density if either the tip mass ratio or the tip's radius of gyration are significant. On the other hand, eq. (9) for the static stiffness is identical to that presented by Sader. The tip mass and inertia cancel in the derivation of eq. (9) and so they do not appear directly. However, the terms m nn and k nn do depend on the eigenfunction chosen, and so eq. (9) is only precise if an eigenfunction for a cantilever with a tip, ψ n (x) tip , is used to compute m nn and k nn ; this is not typically done when employing Sader's method.
If the tip mass could be adequately estimated, for example from SEM images of the tip, then one could use beam theory to compute ψ n (x) tip and use eqs. (8) and (9) to correctly calibrate a probe even when a significant tip is present. Unfortunately, SEM metrology is difficult and time consuming, so such an approach is usually not practical. The remainder of this work uses a simple model of a cantilever with a probe tip to show how the tip mass ratio can be estimated from measurements of some of the higher natural frequencies of the probe and also estimates the error that one incurs if the tip is not accounted for.
If the conventional Sader method is used, the error in the estimated spring constant depends on the difference between the actual eigenfunction, ψ n (x) tip , and that of the tip-less Euler-Bernoulli model that was used by Sader. If the tip-less eigenfunctions are used then the values m nn and k nn in eq. (9) 
A scale factor on the eigenfunctions would cancel in this relationship, so the error depends only on how much the mode shape of the probe changes due to the tip. Similarly, the error in the area density identified by the conventional Sader method is ( )
All of the preceding has presumed that the n-th mode of a cantilever was used in the calibration. Sader derived his calibration approach assuming that the first mode would be used, but one could use any mode as illustrated by the preceding discussion. It may be preferable to use a higher mode when the fundamental mode cannot be accurately identified due to narrow band noise or heavy damping, or to verify the result obtained by calibrating based on the fundamental mode. One should also note that the error analysis presented in this section could be extended to probes of other geometries by replacing the Ritz vector used here with an appropriate mode function. Dynamic models for triangular, picketed and membrane (FIRAT) probes are described in [33] and the works referenced there, and these could be coupled with a suitably modified fluidstructure model, such as that in [34] , to treat those probes. As was the case with the beam model considered here, the error incurred due to the neglected tip would depend on how much the tip mass changes the shape of the dynamic mode used in the calibration.
Analytical Model for a Rectangular Cantilever Including the Tip's Mass Effect
To evaluate the error in the stiffness (eq. (10)), we require an estimate for the mode functions of a cantilever with a tip mass. The modes of an Euler-Bernoulli cantilever beam with a rigid tip have been presented in [35, 36] , and are relatively straightforward to derive using the procedure outlined in the text by Ginsberg [25] .
More advanced models are also available, such as the Timoshenko beam model presented recently by Mahdavi et al. [37] . This work uses an Euler-Bernoulli model to facilitate comparison with the Sader method. The mode
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shape of an Euler-Bernoulli cantilever with constant mass density, ρ c , modulus of elasticity, E, and area moment of inertia, I, and with a rigid tip at the extreme of its free end is
and the parameter α n is found by satisfying the boundary conditions. Once α n is known, the nth natural frequency ω n is found from,
For a beam without a tip, as used in the conventional Sader method, the constants are (α 1 ) free = 1.8751 and (R 1 ) free = -1.3622, and the terms m 11 and k 11 are 1.8556 and 22.94 respectively. A rigid tip modifies the boundary condition at the free end of the cantilever. Using the approach outlined in [25] or [36] and assuming that the center of mass of the tip is located a negligible distance from the end of the cantilever as measured along the axis of the cantilever, the boundary conditions are the following in non-dimensional form.
One can use these equations, in conjunction with eqs. (12) and (13) to obtain the constants (α n ) tip and (R n ) tip for a certain m r and r g , as described in [25, 36] . For parameters typical of AFM cantilever probes, the radius of gyration r g <<L, so it can be neglected, although even a small radius of gyration may be important for the higher order modes. The tip mass model was evaluated for various values of the tip mass ratio with r g = 0, and the constants (α n ) tip that were found are given in the Appendix. Note that these constants depend only on the mass ratio, m r , so they can be used for a variety of cantilevers having any width, thickness, modulus, length and density, so long as the standard assumptions of Euler-Bernoulli beam theory and of the fluid structure interaction theory [9, 32] are not violated.
To facilitate comparisons with the experimental measurements in the following sections, it is convenient to compute the ratios of the natural frequencies to the first using eq. (14) , in order to eliminate the dependence on
The frequency ratios for the first six modes are given in Table 1 for various mass ratios. The ratios in the table show that the natural frequencies of a probe become more widely spaced relative to the first as the tip mass increases. The frequency spacing increases monotonically with tip mass, so the frequency ratios can be used to identify the mass ratio by solving the equations above, or by simply interpolating using this table. This is pursued in Section 3.1 for a number of commercial probes. 
Mass Ratio m r
Frequency Ratio 0 0.02 0.04 0.1 0.2 0.4 0.
Calibration Errors Based on Euler-Bernoulli Model
Assuming that the analytical Euler-Bernoulli model discussed in the previous section accurately represents a real probe with a tip, we can compute the error in the stiffness identified by the Sader method for a range of mass ratios using eq. (10). Table 2 shows the ratio of the true stiffness to that estimated using the conventional method of Sader (tipless beam model) for various tip mass ratios. The error is less than 2% if the first mode of the cantilever is employed in the calibration, even for large tip mass to beam mass ratios. On the other hand, the error can be considerable if the second or higher modes of vibration are used to perform the calibration, especially for mass ratios greater than m r = 0.1. The Sader method also allows one to estimate the area density, ρ c h, of an AFM probe. Table 3 shows the percentage error in the estimated area density for various tip mass ratios, computed using eq. (8) . As expected, the Sader method always overestimates the density, attributing the mass of the tip to the cantilever beam. For the first mode, the effective mass of the beam is about one fourth its total mass, so the fact that the error values are about four times higher than the mass ratios seems reasonable. On the other hand, the error decreases for the higher modes of the beam, due to the interplay between the mass effect and the change that it induces in the mode shapes. 
Mass Ratio

Mass Ratio m r % Error in
Experimental Verification
The methods presented here were applied to a number of commercially available AFM cantilever probes. 
The thermal vibration of each of the probes was measured with the probes mounted in a Digital
Instruments Nanoscope TM IV AFM, using a Tektronix DPO4032 oscilloscope to record between 1 and 10 million samples of the thermal vibration at a sample rate of either 1.0 or 2.5 MHz. The thermal spectra were then estimated offline using between 50 and 87.5% overlap and with an adequate frequency resolution to assure that there were at least 3-4 frequency lines in the half power bandwidth for each mode. Figure 2 shows the thermal spectrum measured for the BSI cantilever. Four modes are present in the Up-Down (bending) signal, two modes in the Left-Right (torsion). Numerous spurious peaks exist, but most are sharp and quite easy to distinguish from the bending and torsional modes of the probe. These thermal spectra were typical of all of those obtained.
Thermal spectra were used in lieu of the biomorph driven spectra used to tune tapping mode cantilevers, because the driven spectra tended to exhibit many additional resonances that were difficult to distinguish from the cantilever modes and because there were some anomalies with the Nanoscope IV controller that cast doubt on the accuracy of those spectra. Table 5 shows the natural frequencies and Q-values identified from the thermal spectra for each of the cantilevers. A different approach was used to test the CSC38-B cantilever; it was tested in near vacuum using a Polytec MSV-400 Laser Doppler Vibrometer focused through a Mitutoyo optical microscope, using the setup described in [38] . Its Q-values were very high and are not necessarily dominated by the effect of the air, so they are not reported. 
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Estimating the Probes' Tip Mass Ratio
As mentioned previously, the ratios of the natural frequencies can be used to determine whether the tip is significantly affecting a probe's dynamics. Table 6 shows the ratios of the natural frequencies to the fundamental for of each of the six probes. Comparing these ratios with those presented in Table 1 , it is clear that the frequency spacing for many of these probes does not agree with an Euler-Bernoulli model for a tip-less probe.
Each of these experimentally measured frequency ratios was used to estimate the mass ratio by linearly interpolating each ratio on Table 5 and tip mass ratios estimated from each natural frequency ratio by interpolating on Table 1 .
There is fairly good consistency between the interpolated mass ratios for all of the probes, and most of the interpolated mass ratios are significantly greater than zero. The interpolated NW and VCO mass ratios are relatively small, so, based on the results in Table 2 , one would expect the conventional Sader method to work quite well to calibrate those probes no matter which mode was used to perform the calibration.
The interpolated mass ratios for the BSI, NW and VCO probes agree quite well with those estimated from the manufacturer specifications in Table 4 . On the other hand, the ratios for the HYDRA probe and for both CSC probes are as much as four times larger than expected based on the specifications.
Detailed Measurements for CSC38-B
Additional tests were performed on the CSC38-B cantilever to search for the source of the large discrepancy between the interpolated mass ratio and the manufacturer specifications. A detailed SEM image of the tip of a CSC38-B cantilever was obtained, similar to that which was shown in Figure 1 . For logistical reasons, this was not the same cantilever as that from which the measurements in Table 6 were taken, but it was from the same lot. This SEM image was used to estimate the volume of the tip by approximating it as a cone with base radius and height of 7.75 and 20.0 microns respectively, from which we obtained a volume of 1260 μm
3
. Using the nominal dimensions of the cantilever, the beam volume was estimated to be 8750 μm 3 , so if the density of the probe tip and beam are equivalent then the mass ratio is 0.103. The radius of gyration was estimated to be r g = 4.9 μm, which is much less than the length of the beam. Of course, there is considerable uncertainty associated with this calculation of the mass ratio, first because the tip is not a perfect cone and second because the SEM's scale bar is only accurate to within 5-10%; it was noted that the SEM gives the cantilever's total length as 323
Draft Manuscript for DMCMN microns, where the manufacturer's specification is 350 ± 5 microns, 8% higher. Finally, one would expect that the density of the silicon nitride from which the tip is made could be significantly different from the average density of the cantilever.
The mode shapes of two CSC38-B cantilevers were obtained using the laser vibrometer system mentioned previously. One CSC38-B probe was tested in air at a pressure of about 86 kPa, while the other was tested in near vacuum (~7mTorr) to minimize dissipation and improve the vibration signals. The first four operating deflection shapes and their peak frequencies were extracted from the probe tested at 7mTorr, while only the first two were obtained from the probe tested at ambient pressure. Considering the high quality factor of the modes in both cases, the operating deflection shapes ( shown for the operating shapes that were measured in vacuum, crosses for those measured in ambient conditions. The operating shapes were measured at both edges of the probe, as viewed when looking down from the top, and a marker is plotted for each edge and at each x location. The measurements usually overlay one another at each x location, indicating that torsion of the beam is negligible.
The analytical mode shapes in Figure 3 all lay essentially on top of one another, revealing that the first mode shape is not very sensitive to the presence of the tip, even for very large mass ratios. The tip does change the scale of the mass normalized mode shape (not shown), but the shape, which is the important factor in Sader calibration, remains essentially unchanged. The first operating shape measured in both air and vacuum agrees very well with any of the analytical shapes. 
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Discussion
The experimental measurements show that the tip does have a significant effect on the modes of the CSC38-B probe. The analytical model of the probe including the tip's mass-loading effect, developed in Section 2.1, agrees with the measurements in some aspects, but not in others. The model suggests that the first mode shape of the cantilever is quite insensitive to the presence of the tip, and experimental measurements do not contradict this. The frequency and modal scale factor for the first mode do change due to the inclusion of the tip mass, but the analysis in Section 2.2 shows that this does not affect the Sader calibration method. The work by
Melcher, Hu & Raman also reported that the inclusion of a sizable mass on the end of a cantilever beam did not significantly change either the shape of the first mode nor its effective stiffness [33] . The second mode shape is affected by the tip, and the second measured mode shape agrees well with that predicted by theory for m r = 0.1, which is near the SEM estimated mass ratio of 0.103. On the other hand, the measured 3 rd and 4 th mode shapes deviate from the model over much of the probe and the frequency ratios of the cantilever are different than those predicted analytically for the experimentally estimated mass ratio.
Additional SEM images were acquired from a CSC38-B cantilever to search for the source of the discrepancies between the experimental measurements and the model and are shown in Figure 7 ; these show the same cantilever pictured in Figure 1 . These images show that the probe is significantly thinner near the root than its specification, and more than three times thicker near the tip. Initial efforts to model this effect reveal that the frequency ratios of a cantilever are very sensitive to thickness non-uniformity; this probably explains the discrepancies between the interpolated mass ratios in Table 6 and the mass ratio estimated from the SEM
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images. This is of concern because a beam with the thickness profile shown here would have a much different static stiffness than a uniform beam because the beam is much thinner in a critical location. These results suggest that one should be wary of the results of a dynamic calibration if a particular probe's modes are not spaced as one would expect for a reasonable mass ratio. The mass ratios estimated for the HYDRA probe in Table 6 are also much larger than expected, so that probe should also be evaluated carefully, although this will not be pursued here. It is interesting to note that both the CSC and HYDRA probes have silicon nitride cantilevers, which are potentially more susceptible to non-uniformity than the silicon cantilevers due to the manufacturing process employed. 
Calibration Results
The Sader method was used to calibrate each of the six probes using each mode independently in eq.
(9), resulting in the spring constants shown in Table 7 . The average of the mass ratios identified in Table 6 was used in the calibration and the radius of gyration was set to zero. The CSC and HYDRA probes were not included because their frequency ratios suggest that they are not well modeled by the Euler-Bernoulli model upon which calibration is based. The results in Table 7 show a fair amount of scatter in the spring constants estimated from each mode for the same probe. The 4 th mode of the VCO probe was almost buried in the background noise, so one would expect that the Q-value for that mode might be somewhat unreliable, but the other Q-values all reconstructed the measured thermal spectra quite well. The estimated spring constants for the first three modes are all within ± 10% of their mean values, and are reasonably close to the manufacturer's specifications. Table 7 : Spring constants estimated using the modified method of Sader for each identified mode. These values were computed using eq. (9) with the mass-ratio set to the average of the values in Table 6 and the radius of gyration of the tip equal to zero.
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Conclusions
This work has explored the effect of the probe tip on the accuracy of the Sader [8] Atomic Force Microscope probe calibration method. A simple Euler-Bernoulli model was derived for a cantilever with a rigid mass on its tip and was used to estimate the error incurred due neglecting the tip's inertial effect. The model revealed that the Sader method may accurately estimate the cantilever's stiffness even if the tip mass is quite large, but only if the first mode is used in the calibration. For some probes it may be difficult to measure the Qfactor of the first mode due to instrument noise or other anomalies, and in any event it may be helpful to calibrate a probe using a number of different modes so one can check for errors. This work has also presented a modification to the method of Sader that allows one to calibrate a probe based on the second or higher modes and has shown that the tip should be considered if the tip's mass is significant relative to the beam's mass.
The analytical model also revealed that the ratios between the natural frequencies of a cantilever are sensitive to the tip mass, so this can be used to estimate the tip mass ratio and to correct the calibration. This was verified experimentally by measuring the natural frequencies of a number of commercially available cantilevers and comparing them with the model. Three of the probes, the BSI, VCO and NW probes, all had frequency ratios that agreed well with the model for tip mass ratios near those estimated from the manufacturers specifications. Three other probes, the HYDRA and CSC38-B and CSC38-C both had much larger frequency ratios than predicted by the model for a reasonable mass ratio. One of these probes was imaged using SEM, revealing that the cantilever tapered out from the root to the tip. Preliminary models of this effect suggest that it is responsible for the increased frequency ratios and distortions in the experimentally measured mode shapes. This is an important issue, because a taper such as that which was observed here could result in the probe stiffness being significantly in error. Hence, it seems advisable to compare the frequency ratios of a probe with those of the analytical model whenever dynamic calibration methods are employed, because they can reveal
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discrepancies between the dynamics of the actual probe and the model upon which the calibration method is based.
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